CONVERGENCE RESULTS FOR SIMULTANEOUS & 
MULTIPLICATIVE DIOPHANTINE APPROXIMATION ON 

PLANAR CURVES. 

DZMITRY BADZIAHIN AND JASON LEVESLEY 

Abstract. Let C be a non-degenerate planar curve. We show that the 
curve is of Khintchine-type for convergence in the case of simultaneous 
approximation in M 2 with two independent approximation functions; 
that is if a certain sum converges then the set of all points (x, y) on the 
curve which satisfy simultaneously the inequalities \\qx\\ < ipi(q) and 
\\qy\\ < ipi{q) infinitely often has induced measure 0. This completes 
the metric theory for the Lebesgue case. Further, for multiplicative 
approximation \\qx\\ \\qy\\ < ip(q) we establish a Hausdorff measure con- 
vergence result for the same class of curves, the first such result for a 
general class of manifolds in this particular setup. 



1. Introduction 

Let ip : M + — * M + be a real, decreasing function. Throughout we will refer 
to ip as an approximating function. Let i£l and ||x|| be the distance of x 
from Z. That is, ||x|| = inf{|x — z\ : z G Z}. Further, if S is a (Lebesgue) 
measurable set in M. n then we will denote the Lebesgue measure, or more 
simply the measure, of S by IS'Ir™. 

Consider now the following system of n Diophantine inequalities 

\\qxi\\ < ipi(q) (1) 

where Xj £ K, pi £ Z, q £ N and ipi , , . . . , ip n are approximation functions. 
Then a point x G R" is simultaneously (?/>i ,ip2, ■ ■ ■ , V^-approximable if there 
are infinitely many q satisfying (^Q). The set of all such points x € M n , will 
be denoted by S n (ipi, ip 2 , ■ ■ ■ , VvO- 

Simultaneous approximation has another variant in the guise of multi- 
plicative approximation; let x € M. n , then x is multiplicatively ^-approximable 
if the inequality 

n 

Y[\\qxi\\<il>(q) (2) 
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holds for infinitely many q G N. By analogy with the previous notion of 
Simultaneous approximation, we shall denote by S*(^) the set of all multi- 
plicatively ^-approximable points x in R n . 

The following results, the first of which is due to Khintchine and is a 
generalisation of Khintchine's own result of 1924 which deals with the case 
when ipi = ip2 = ■ ■ ■ = ipn- The second is due to Gallagher. Together they 
give an almost complete answer to the question of the 'size', in terms of 
n-dimensional Lebesgue measure, of S n (-01 , ip2 , ■ ■ ■ , Vv) and S*(tp). 

Theorem K. Let ipi,^2, ■ ■ ■ ,ip n be approximation functions as defined above. 
Then 



\S n (ipi,tp 2 , ■ ■ ■ ,^n)k» 



l«S*W0|l 




if J2^i( h ) ■ ■ ■ ^n{h) < oo 

*/ X^lW • • • ^n{h) = OO 

Theorem G. Let if) be an approximating function. Then 

Jo if Yl H h T iog"" 1 h < oo 

[FULL if ^{ h T !og n_1 h 



oo 



It is to be understood that the term 'full' means that the complement of 
the set in question is of measure 0. 

In Theorem(s) K and G the approximation problem is an independent 
variables problem; no functional relationship exists between any of the co- 
ordinates of x. Once a functional relationship is assumed to exist , that is 
the points x are constrained to lie on a sub-manifold A4 C M. n , then the 
corresponding approximation problems become a great deal more difficult. 
As we shall see below, until very recently hardly any general results at all 
were known for such problems. Furthermore, of those results that have been 
established, most hold only for planar curves with sufficient curvature con- 
ditions. There is next to nothing known for manifolds of dimension in M n 
where n > 3. This is in stark contrast to the dual form of approximation; 
see for example [Q, [3] or 0, where the state of knowledge is much more 
complete. Before we discuss some of the more significant results which are 
known to hold in the so-called "dependent variables" 1 case, it is necessary 
to define the concept of non-degeneracy. 

Let C^ m \U) be the space of all m-continuously differentiable functions 
/ where / : U — > R with U being an open set in W 1 . A map g : U — > R 
is said to be non-degenerate at u G U if there exists some I € N such that 
g G C( l \B(u,5)) for some sufficiently small 5 > with B(u,5) C U and 
the partial derivatives of g evaluated at u span R n . The map g is non- 
degenerate if it is non-degenerate at almost all points u G U. Let Ai be 
a sub-manifold of R n . Then M. is said to be non-degenerate if M = g(U) 
where g is non-degenerate. The geometric interpretation of non-degeneracy 
is that the manifold is curved enough that it deviates from any hyperplane. 



Hhe terminology is due to Sprindzuk |14| 
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Non-degeneracy is not a particularly restrictive condition and a large class 
of manifolds satisfy this condition. 

Note that if the topological dimension, dim M, of the manifold is strictly 
less than n then |«M|r« = 0. As we wish to make measure theoretic state- 
ments about points that lie on the manifold we work with the induced mea- 
sure, \-\m- All "zero-full" statements are made with respect to this restricted 
measure. 

Schmidt JHI proved one of the first major results that attempted to ad- 
dress the problem of generalising Theorems K and G to manifolds. 

Theorem S. Let tp : M + — > R : x i— > x~ T where r > and 2r > 1. Then 
for any CP) non- degenerate planar curve, C, 

|cns 2 (v^)le = o. 

Note that this result is not quite a Khintchine-type result for conver- 
gence as the measure statement does not depend on the convergence of 
an associated sum. This question was settled very recently for an arbitrary 
approximation function tp. In 3 , Beresnevich, et. al. established the diver- 
gence part of such a theorem by showing that for any C(3) 

non-degenerate 

curve 

oo 

\C n S2(ip, ip)\c = FULL if J2^ 2 ( h ) = °°- ( 3 ) 

h=l 

To prove this result the authors adapted their notion of "local ubiquity" as 
developed in [2J. Interestingly the convergence case initially alluded them. 
This is yet another manifestation of the difficulties one encounters when try- 
ing to establish dependent variable analogues of many of the classical results 
of Diophantine approximation. In the classical setting the convergence case 
is usually straightforward and all the substance is in the divergence case. 
However, for dependent variable problems it turns out that both halves of 
a Khintchine-type result are highly non-trivial with the convergence case 
sometimes turning out to be the more difficult of the two. 

In the above case the main obstacle to establishing the convergence state- 
ment was the need for precise information about the number of rational 
points near the curve. This is a notoriously difficult problem and the best 
known result, due to Huxley |101 Theorem 4.2.4], was good enough to ensure 
a reasonable distribution of rational points near the curve for the application 
of local ubiquity, but gave estimates which were too large for certain sums 
when considering the convergence case. Using a result of Vaughan's, which 
appeared as an appendix in (Hj and was a significant sharpening of Huxley's 
result for the class of rational quadrics, curves that are the image of the unit 
circle, the parabola {(x,y) : y = x 2 } or the hyperbola {{x,y) : x 2 — y 2 = 1} 
under a rational affine transformation of the plane, the authors were able 
to establish the convergence counterpart of this theorem for such manifolds. 
Subsequently Beresnevitch & Velani [3] were able to establish a zero-full re- 
sult for simultaneous approximation with different approximation functions, 
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Theorem BV^below, and a convergence result for multiplicative simultane- 
ous approximation, Theorem BV|21 f° r the class of non-degenerate rational 
quadrics. 

Theorem BV 1. Let ^1,^2 be approximating functions and Q a non- 
degenerate rational quadric. Then 



\QnS 2 {ipi,^ 2 )\c 




if TjT=i ^1(9)^2(9) < 00, 



'1 



if Y^Li ^1(9)^2(9) = 00. 



Theorem BV 2. Zei ifi be an approximating function and Q a non- 
degenerate rational quadric. Then 

00 

|Qn«s 2 *(v)|s = o if J2Mq)Mq)<^- 

q=l 

Of particular note is Theorem BV |2 which was the first result of its type 
for multiplicative simultaneous approximation on a reasonably general class 
of manifolds. 

The counterpart convergence statement to (j3J) was finally established 
in ^5]. To do so, Vaughan & Velani managed to extend Vaughan's result 
to any sufficiently smooth function. This result is crucial to our arguments 
below and we shall postpone giving the full statement until JjSJwhen we can 
put the result into a more clearer context. 

It should be noted that whilst Beresnevitch & Velani were able only to 
establish the convergence part of Khintchine's theorem for rational quadrics, 
they did prove the divergence part in full generality. 

Theorem BV 3. Let 1^1, ^2 be approximating functions and C a non- 
degenerate planar curve. Then 

OO 

|CnS 2 (Vi,^ 2 )|c is FULL if 5^1(9)^2(9) = 00. 

9=1 

In SJ3we establish the convergence case for Theorem B"V|3]thus completing 
the Lebesgue metric theory for this particular problem. 

The results discussed above are among the few that are known to hold for 
any reasonably general class of manifolds. Obviously there is still a great 
deal to be done before the simultaneous theory is anywhere near as complete 
as the dual case. A particularly significant result is due to D. Kleinbock 
& G. Margulis who established the validity of the Baker-Sprindzuk 
conjecture: 

Theorem KM. Let M be a non- degenerate manifold in M. n and ip : M + —* 
M + : x h-> x~ T . If t > 1 then 

\Mns*^)\ M = o. 
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Theorem KM gives us hope that it will be possible to establish the ana- 
logues of the classical results of Khintchine and Gallagher for higher dimen- 
sional manifolds in much the same way that these results exist for the dual 
case. However, there is still a long way to go before this becomes reality. 

2. Statement of Results 

Let I be some open interval in R and / £ (I) such that for all x € /: 

(1) there exist constants c% > C2 > with c\ > f'(x) > C2, 

(2) /" + 0. 

Under these assumptions it is readily verified that the curve Cf, where 

C f :={(x,f(x)):xel}, 

is non-degenerate. We shall be assuming these conditions throughout the 
remainder of this article. 

In ^3], the authors conjectured that 

oo 

|C/nS 2 (^i,^)| C/ =0 if ^x(h)Mh) <oo (4) 

h=i 

and 

oo 

\C f nS* 2 W\ Cf =0 if £^(/»)logfc<oo. (5) 

h=l 

The conjecture stated in © is a special case of Theorem ^ below. How- 
ever, before stating the theorem it is necessary to briefly discuss Hausdorff 
s-measures. 

Lebesgue measure is in some sense a relatively "coarse" measure of the 
size of a set. The notion of measure can hide a multitude of finer struc- 
ture; structure that is often of great interest in Diophantine approximation. 
To overcome this technical deficiency, one can use the idea of Hausdorff 
s-measure and the related notion of Hausdorff dimension. Hausdorff s- 
measures and dimensions are (theoretically) computable quantities that give 
more precise information about sets of Lebesgue measure and it is for this 
reason that they play such a central role in Diophantine approximation. We 
outline only the very basics of the theory of Hausdorff measures. For a more 
detailed exposition of the theory and its many applications in mathematics, 
see either of the excellent books by Falconer ( [H] or 

Let X C M. n and s > 0. For any 5 > 0, a 5-cover, C<j(X), of X is a 
countable collection of balls Bi such that X C (J Bi and diamS, < 5}. The 
set function Hf(-), where 

H' S (X) := inf j^diam fl £i} 

with the infimum taken over all <5-covers of X, is an outer measure. Taking 
the limit of this quantity as 5 — > gives the Hausdorff s-measure of X. That 
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IS, 



H S (X) := limW; 



(X). 



8^0 



When s takes on values in N U {0} then 7i s coincides with s-dimensional 
Lebesgue measure. One of the most useful properties of Hausdorff s-measure 
is the existence of a unique value of s, which we shall denote by dimX, where 
the s-measure jumps from to oo as the parameter s passes through the 
value dimX from right to left. More precisely, 

dimX := inf{s € R + : H S (X) = 0} = sup{s € R + : H S (X) = oo}. 

It is exactly this quantity that we refer to as the Hausdorff dimension of 
X. At the critical exponent s = dim(X), the value of 7i dlTI1 ^ x \X) can 
be 0, > 0, or oo. Sets X where TC S (X) £ (0, oo) are known as s-sets with 
probably the most famous example of am s-set whose Lebesgue measure is 
being the classical middle-thirds Cantor set IK. Indeed, t is well known that 
dimK = In 2/ In 3 and that H ln2/ln3 (K) = 1. Thus the s-measure of a set 
can be used to garner more precise information about Lebesgue measure 
and this is one of their principle uses in metric Diophantine approximation. 

We now come to Theorem ^ which is the Hausdorff s-measure version of 
Theorem BVEl 

Theorem 1. Let ip be an approximating function and < s < 1. Then 



Note that as 7i coincides with 1-dimensional Lebesgue measure and as 
we are working with the induced measure on the manifold, in this case a 
1-dimensional manifold, Conjecture |S] follows immediately as a special case 
of Theorem ^ For the cases when < s < 1 Theorem ^ appeared as a 
conjecture in [To] . 

Furthermore, the proof of Theorem ^ can be adapted to settle claim @] 
and it is exactly this result that we present as Theorem [2 below. 

Theorem 2. Letipi,^ be approximating functions. Then 



Note that as mentioned above, in £^ this establishes the convergence 
counterpart to Theorem BV Eland this completes the metric theory, at least 
in the case of Lebesgue. 



oo 



n s (c f ns* 2 W) = o if ^^(log^^W <oo. 



h=l 




3. Proof of Theorem [T] 



We are given that 



oo 




(6) 



h=l 
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Therefore without loss of generality we can assume that 

q^Hlogq)- 2 -! < (7) 

for sufficiently large q. To see why, suppose that ® is not satisfied. Then 
we replace ip with the auxiliary function 

ip : q i— > ip := max{ip(q),q 1 ~ = (logg) _2_ = }. 

Clearly, ip is an approximation function. One can easily check that © 
and© are satisfied with ip replaced by ip. Furthermore, 

Thus it suffices to prove the theorem with ip replaced by ip and can be 
assumed. 

The set Cf n S^ip) is a lim sup-set with the following natural represen- 
tation: 

oo oo 

C f nS* 2 (ip)= p| (J J 5*(pi,p2,g) 

n=l <?=n ( piiP2 ) e z 2 



where 



S*{pi,P2,q) ■= j(>,y) G C/ : 



Pi 



P-2 



< 



Using the fact that ip is decreasing, we have that for any n 

oo 

C/nS^)c[J |J |J 5*(pi,pa,g,*) 

t=n 2*^ij<2 t + 1 (pi,p 2 )6Z 2 



where 



S*(pi,P2,q,t) := G C/ 



Pi 



P2 



< 



-0(2* 



lit EN, (x, y) G C f , q G N with 2* ^ g < 2* +1 and 



Pi 

x 



P2 

y 



< 



V>(2* 



for some (pi,P2) G Z 2 , then there is a unique integer m such that 



2* 

For this number m, it follows that 



Pi 



<2 r 



2* 



(8) 



P2 

y 



< 2 



_ m y2v^) 



2' 



Let 



It ■-- 



2* 
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Then, 



C/nS2Mc(J U U U C f nS(q,pi,p2,m) (9) 

t=n2 t ^g<2*+ 1 (pi,p 2 )GZ 2 m=-oo 



where 



Pi 



< 2 7t, 



P2 



< T m lt 



Thus, we have constructed a sequence of coverings of Cf D S%(if>). The aim 
is now to show that if, for a given s, © holds than the associated sequence 
of Hausdorff s-measures for these coverings tends to as n — > oo. It then 
follows that H s (Cj n S^ty) = 0, as required. 

To proceed we consider two separate cases. For a fixed t, Case (a): m G Z 
such that 

2~H > t7VK2*). (10) 
and Case (b): m S Z such that 

2-h < t7vK2*y. (ii) 

Case (a): First, observe that (|1U[) together with (J7J) implies that 

2-H > V 2 ' (1_|) •i" 2 "^ => 2 ' m| ^ t'2^-s). 
Upon taking logarithms of both sides of the above inequality, we arrive at 



\m\ < i 



2s 



+ — logt <t. 
2s 



As /'(x) > c\ for all x G / it follows that 

diam(C/ n S(q,pi,p2,m)) < 2" 



2* 



(12) 



(13) 



The implied constant depends on only c\ and is irrelevant to the remainder 
of the argument. 

Given t and m, let N(t,m) denote the number of triples (q,Pi,P2) with 
2* < q < 2 m such that Cf n S(q,pi,p2,m) / 0. Suppose now that Cy n 
S(q,Pi,P2,m) 7^ 0- Then for some (x,y) £ Cf and #i,#2 satisfying —1 < 
6 1, 02 < 1, we have that 



Pi 



+ 0i2H 



—2*—. y = - + ^ 2 2' '— ^— • 



Thus, it can be shown that 



/ 



/ Pi 
V 9 



9 



/ 



Pi 



f(x) + f(x) -y + y 



P2 



, 2/ (0.2HVp +ei . 2 H.^ 



2' 



2' 
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where £ lies between x and pi/q. Further, one can easily deduce that 

1 



f fP_l)_P_l 



<<2 \m\Vm < 



Set Q = 2 t+1 . Then we have q ^ Q and 



/ 



El) - EL 



l 



QlogQ 



As mentioned in the introductory section of this article, a result of Vaughan 
& Velani is crucial to our argument. We now state this result, which is 
Theorem 2 from |15| . 

Theorem VV. Let N f {Q^J) = #{p/g : q ^ Q, Pl /q G I, \f(pi/q) - 
P2/q\ < ip(Q)/Q}- Suppose thatip is an approximating function withijj(Q) ^ 
where <fi is any real number with <j) ^ |. Then 



(14) 



In our case ip(Q) = 2l m l v / 2^(2*) 



logQ 



which satisfies the conditions of 



Theorem VV. Therefore there exists an absolute constant c > such that 

N(t,m) «2 2t 2H V / V ; (2 T )- (15) 

Now using (|13|) and ()15|) we can bound the Hausdorff sum associated with 
the set C f n S^(ip) 



x 2l m l2 2 *v / V<2 1 ) 



t=n 



mecase (a) 



«g ^ ^ 2 t)l(l+ S ) . 2 t(2- S ) . 2 |m|(i- 



t=n 



mecase (a) 



5 Yl Yl i s "V(2*) s 2* 



(2- S ) 



t=n 



mecase a 



V ^ t s 2*( 2 - s )^(2*) s x q 1 - 3 log 5 5 • V(g) s - 

q=2 n 



t=n 



The above comparability follows from the fact that tp is an approximating 
function and therefore decreasing. In view of (jOJ), 

oo 

(7 1_s log s q ■ ip s (q) — > as n — > oo. 

<?=2™ 

Therefore, for Case (a) it follows that H s (Cf n S^VO) = as required. 
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Case (b): In view of we have that 

S(q,px,P2,m) C (S'(q, Pl ) x [0,1]) U ([0,1] x S'(q,p 2 )) 

where 

S'(q,p) = I ye [0,1] 
Thus, the set of © is a subset of 



P 

y - - 
q 



2tip(2 
< ~~ 2^" 



U U U C / n((%Pi)x[0,l])u([0,l]xS'(g lK ))). (16) 

t=n 2 t ^g<2*+ 1 (pi,p 2 )eZ 2 

As ci > /'(x) > C2 > 0, for any choice of px-,p 2 and q appearing in (|16|) . 



diam(C / n(5"(g,p 1 ) x [0,1])) < t- 2 , 
and 

diam(C / n ([0, 1] x S'(q,p 2 )) « t- ^~ 



2* 

The implied constants depends only on c\ and c 2 and are irrelevant in the 
context of the rest of the proof. Furthermore, for a fixed t and q in (jlfifl . the 
number of (pi,P2) G ^ 2 for which 

C f n ((S'fopi) x [0, 1]) U ([0, 1] x S'(q,p 2 ))) 

are non-empty and disjoint is <C q. Drawing all the above considerations 
together it follows that the Hausdorff s-sum for this covering of the set 
Cf n 5 , |('0), as defined in (|16|). is bounded above by 

f; (t^p-) S 2 2i ^ gi- log* g .^)^0asn^oo. 
As in the previous case, Case (a), by letting n — > oo we conclude that 

w s (c / ns 2 *(^) = o 

This completes the proof of Theorem ^ 

4. Proof of Theorem E] 

We now proceed with establishing Theorem EJ The proof is somewhat 
analogous to that of Theorem^ and for brevity we leave the technical details 
needed to verify some of our estimates to the reader. Especially in those 
cases when the estimates following in exactly the same manner or require 
only minor modifications to the arguments used in the proof Theorem ^ 

For the sake of convenience, let if) = tp\ and (p = ip 2 . It is clear that 

^^)cS 2 (f,i)U5 2 (^f) 

where 

ip* = m.m{ip, <p} & if)* = max{-0, </>}. 
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Since ip*ip* = tpcp, we have that Yl < 00 • Thus to prove The- 

orem |21 it is sufficient to show that both the sets Cf n S 2 (ip*,ip*) and 
Of Pi S 2 (ip*,ip*) are of Lebesgue measure zero. We will consider one of these 
two sets, the other case is similar. Thus, without any loss of generality we 
assume that ip(q) ^ (f>(q) for all q € N. 

Since YlqLi ^(9)^(9) < 00 an d both ip,(p are decreasing we have that 
ip(q)(j>(q) < q^ 1 for all sufficiently large q. Hence, <j){q) ^ q^ 1 ! 2 for suffi- 
ciently large q. Further, we can assume that 

Hi) > Q~ 2/3 (17) 

for all q € N. To see this consider the auxiliary function tp where 

ijj(q) = max{ijj(q),q~ 2/3 }. 

Clearly, if) is an approximating function. It also satisfies the following set 
inclusion, 

5 2 (^^)c5 2 (W). 

Moreover, 

oo oo oo 

E ^(9)^(9) < E ^ + E ?~ 2/ V(<?) 

g=l <j=l g=l 

00 00 

«E^m?)+E9- 2/ v i/2 <oo. 

g=l g=l 

This means that it is sufficient to prove Theorem |2] with tp replaced by ip 
and therefore without any loss of generality, 1)17)1 can be assumed. 

In a manner analogous to that of (jSJ), it is readily verified that for any 

00 

C/n%i)c|J |J |J C / n5 2 (pi,p 2 ,g) (18) 
t="2 i < ( j<2 t + 1 (pi,p 2 )ez 2 

where 

S 2 (pi,P2,q) = Ux,y) eM 2 : 

and t is uniquely defined by 2* ^ g < 2 <+1 . Next, we can use the same 
argument to that used in (|T3|) to verify that 

\c f ns 2 (q, Pll p 2 )\ Cf <:^p-. (19) 

Finally, for fixed t let N(t) be the number of triples (q,Pi,p 2 ) with 2 t ^ q < 
2 <+1 such that Cf n S(q,pi,p 2 ) 7^ 0. On modifying the argument used to 
establish ()15j) . one obtains the estimate 

N{t) < 2 2 V(2 4 ). (20) 



Pi 

x 



< 



2* 



P2 

y 

9 



< 



2' 
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The upshot of (fTH|) . (fTO |) and (|2n |) is that 

oo 

\c f us 2 ^,<t>)\c f «]T E U c f ns 2 {q, Pl ,p 2 ) 

t=n 2 t ^q<2 t + 1 (pi,p 2 )eZ 2 

oo sh( r )t\ 00 00 

« E^)^ « E 2 W)^ 2 *) - E 

t=ra t=n q=2 n 

Since 5Z^=i ' 1 P(q) ( I ) (q) < °°> we have that X^2™ , 4'(q)4 > (q) as ?i -* 00 
and it follows that 

as required. 

This completes the proof of Theorem |2J 

5. Remarks and Possible Developments 

An obvious next step is to establish the divergence counterpart to Theo- 
rem ^ That is, one would like to show that 

00 

J2h 1 ~ s {log s h)ip s (h) = oo H s {C f nSl{ip)) = 00. 

h=l 

By adapting the arguments in this paper and using the ideas of local ubiq- 
uity, as developed in [2] , it is likely that one could establish a zero- full result 
for H\C f n S%(i/>)) where h is a general dimension function. This would 
include the above result and Theorem ^ as a special case. A dimension func- 
tion h : ffi+ -> M+ is an increasing, continuous function such that h(r) — » 
as r — > 0. By replacing the quantity diam s (Cj) with /i(diam(Cj)) in the def- 
inition of 7i s , one can define the Hausdorff h- measure of a set. For further 
details see or j!2j . Dimension functions give very precise information 
about the measure theoretic properties of a set. The convergence part of 
such a theorem follows almost immediately on from Theorem ^ Most of 
the estimates obtained in the proof of Theorem ^ remain the same, the gen- 
eralisation to Hausdorff /i-measures effects only the estimates involving the 
measures of the actual covers defined in the proof. The main task in proving 
such a theorem would be in the proof of the divergence case. 

Acknowledgements JL thanks "Mr. Diplomacy" himself, Sanju Velani, 
for his constant help and encouragement in all matters mathematical (and 
sometimes political) and for keeping me on the straight and narrow. 
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